Solutions for the exam in Statistical Reasoning

1. Bayes theorem

(a) EVENTS: 1st urn (Ul), 2nd urn (U2), and red ball is drawn (R).
P(R|U1)- P(U1) 0.5-0.5

P(R) ©05-05+03-05

5
p(U1R) = .

(b) EVENTS: Fair coin (F), two-headed coin (T), and head (H).
P(H|F) - P(F) 0.5-0.5 |

P(H)  05-05+1-05 3

p(F|H) =
2. Density of Gaussian distribution

(a) Transform the PDF of the Gaussian distribution:
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(b) It follows from (a) that the posterior must be a Gaussian distribution with

mean 4 and variance o where:



3. Exponential-Gamma model
Let Gamma(a,b) denote the Gamma distribution with parameters a and b.

(a) The Exponential distribution is a special case of the Gamma distribution,
because with @ = 1 and b = A\: Exp(\) = Gamma(1,\).
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(b) [3] The joint PDF is:
7yn’)\) = Hp(ylp\) = H N-e MV — \n LA i Y

i=1

p(y1, - -

(c) Compute the posterior distribution of A:
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Hence, the PDF of the posterior is proportional to the PDF of a Gamma
distribution with parameters @ =n+a and §=>_" | y; + . Thus:
AMNYi=wy,....Ya =y,) ~ Gamma(n—i—a,Zyi—kﬁ)
i=1
(d) Interpretation of the hyperparameters: There are o pseudo observations

whose values sum up to .
4. Predictive distribution of the Exponential-Gamma model

(a) For predictive distributions we have:
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And this is the PDF of a Lomax distribution with parameters




(b) Pseudo code:

e Sample AV ~ Gamma(a, f), ..., A\ ~ Gamma(a, 3).
e Then sample 7V ~ Exp(AM), ..., 5B ~ Exp(A).

e It holds: % - SE " = E[Y|Y,...,Y,] for R — .

5. Discrete Markov chains

(a) For i # j the acceptance probabilities are given by:

[ ) QU
e = {155 505 )

Therefore:

0.4 0.9 36
04 0.9
A(3.2) =mind 1 il QU |

(b) [ 10] For i # j: T(i,5) = Q(i, 5) - A(i, 5):

T(1,2) = Q(1,2) - A(1,2) = 1-0.08 = 0.08
T(2,1)=Q(2,1)- A(2,1) =0.1-1=0.1
T(1,3) = Q(1,3) - A(1,3) = 0- A(1,3) = 0
T(3,1) =Q(3,1)- A(3,1) =0- A(3,1) =0
T(3,2) = Q(3,2)- A(3,2) =1-1=1

T(2,3) = Q(2,3) - A(2,3) = 0.9 % — 025

And the diagonal elements T'(i,) for i = 1,2, 3 are:
T(1,1)=1-T(1,2) - T(1,3) = 1 — 0.08 — 0 = 0.92
T(2,2) =1-T(2,1) = T(2,3) = 1 — 0.1 — 0.25 = 0.65
T(3,3)=1-T(3,1) - T(3,2)=1-0—1=0



Therefore, the transition matrix is given by:

092 0.08 0
T=101 065 025
0 1 0

6. Full conditional distributions

(a) There is no digital solution available.
(b) Right (R) or Wrong (W):

(i) W, (ii) R, (iii) R, (iv) W, and (v) W.

(c) EXAMPLE: The 1st full conditional distribution:

p(9|a7 ba Yty - - 7yn)
by definition’:
_ p(ea a, ba Y1, - - - 7yn)
p<a7 ba Yiy .- 7yn)
"as the denominator is independent of 6’

x p(@,a,b,y1,...,Yn)
‘the joint PDF can be factorized’:
=Py, -, ynl0, a,0) - p(fla, b) - p(a, b)
"as the factor p(a, b) is independent of 6’
X p(y1, - - Ynlf, a,) - p(6]a, b)
given @, y1, ..., y, are independent of the hyperparameters a and b
=p(Y1, - yal0) - p(0]a,b)

ANALOGOUSLY IT CAN BE DERIVED:

p(eva’u b7 Yty - - 7yn)
p(aa b> Yiye 7yn)

p(b’aaeayla'-'7yn): Ocp(97a7b>yla--'7yn)

=p(Y1, -, ynl0,a,b) - p(Bla,b) - p(alb) - p(b) o< p(fa,b) - p(b)

p(eva’a b7 Y1, .- - 7yn)
p(a’u b7 Yty - - 7yn)

p<a|b>97y17"'?yn): 0<p(97a7b:?/1,---,yn)

= p(Y1, - ynl0, a,0) - p(Bla, b) - p(bla) - p(a) o p(Bla, b) - p(a)

END



